Abstract. Let µ 1 and µ 2 be (ultra)distributions with compact support which have disjoint singular supports. We assume that the convolution operator f → µ 1 * f is surjective when it acts on a space of functions or (ultra)distributions, and we investigate whether the perturbed convolution operator f → (µ 1 + µ 2 ) * f is surjective. In particular we solve in the negative a question asked by Abramczuk in 1984.
Introduction
For an element µ ∈ E (R N ), L. Ehrenpreis [5] and L. Hörmander [7] showed that the convolution operator f → µ * f , f ∈ C ∞ (R N ) (resp. f ∈ D (R N where the sup is taken over all ξ ∈ R N satisfying | ξ − ξ 0 |≤ A log(2+ | ξ 0 |). In [8] Hörmander developed interesting and powerful methods with the aim of proving analogues of the theorem of supports of Titchmarch-Lions when the supports are replaced by the singular supports. As a corollary [8, 5.4] he proved that µ 1 + µ 2 is slowly decreasing whenever µ 1 , µ 2 ∈ E (R N ) have disjoint singular supports and µ 1 is slowly decreasing. In terms of the associated convolution operators this can be stated as follows: If µ 1 , µ 2 ∈ E (R N ) have disjoint singular supports and µ 1 defines a surjective convolution operator on
, then the convolution operator associated to µ 1 + µ 2 is also surjective. In 1984 by also looking at the growth of the Fourier-Laplace transforms, Abramczuk [1] gave a direct proof of Hörmander's result, and he asked whether it remains true for convolution operators acting surjectively on the space of distributions of finite order D F (R N ). In this paper we give a negative answer to the question posed by Abramczuk [1] . Using recent results of Bonet, Galbis and Meise [2] we investigate perturbations of surjective convolution operators acting on spaces of ultradistributions of Beurling and of Roumieu type in the sense of Braun, Meise and Taylor [3] . In fact, we show that the result of Hörmander extends completely to convolution operators acting on
. We face the problem from a functional analytic point of view, and thus the role played by the disjointness of the supports is clarified. The behavior of the perturbed convolution operator on ultradifferentiable functions of Beurling or of Roumieu type is different. Whereas in the Beurling case the surjectivity is preserved, an example shows that this is not the case in the Roumieu setting.
Preliminaries
First we introduce the spaces of functions and ultradistributions and most of the notation that will be used in the sequel. 
Examples of weight functions can be found in [3] . For a weight function ω we defineω :
and again call this function ω, by abuse of notation. The Young conjugate of ϕ is defined by ϕ * (x) = sup y>0 {xy − ϕ(y)}.
Definition 2.2.
Let ω be a weight function and let Ω be an open set in R N . We define
is endowed with its natural Fréchet topology, while E {ω} (Ω) is a projective limit of (LB) spaces.
The elements of E (ω) (Ω) (resp. E {ω} (Ω)) are called ω-ultradifferentiable functions of Beurling (resp. Roumieu) type. We write E * (Ω), where * can be either (ω) or {ω}. For a compact set K in Ω we let
endowed with the induced topology. For f ∈ D * (K) and λ > 0 we will denote f λ = f K,λ and
where (K j ) j∈N denotes a fundamental sequence of compact sets of Ω.
The elements of D (ω) (Ω) (resp. D {ω} (Ω)) are called ω-ultradistributions of Beurling (resp. Roumieu) type. Definition 2.3. Let µ ∈ E * (R N ), µ = 0, be given. We define (compare with Braun, Meise and Taylor [3] , Sect. 6)
Definition 2.4. Let f ∈ D * (R N ) be given. We write sing * supp f for the complement of the largest open set Ω such that f ∈ E * (Ω).
We will refer to sing * supp f as the * -singular support of f .
The following definition is a reformulation of the classical Ehrenpreis condition. We refer to [2, 2.3, 3.1].
(2) An ultradistribution µ ∈ E {ω} (R N ) is said to be slowly decreasing for {ω} if
, µ is slowly decreasing for * if and only if the convolution operator S µ is surjective [2, 2.9, 3.4].
Results
We begin with a negative answer to the question posed by Abramczuk [1, remark 1].
Theorem 3.1. There exists a distribution with compact support µ ∈ E (R) whose support does not contain 0 and such that the convolution operator S
Proof. Let ν ∈ E (R) be given such that the convolution operator S ν is surjective on D (R) but does not admit a fundamental solution of finite order (see [6] ). Let R > 0 be such that supp ν ⊂ [−R, R]. We take ϕ ∈ D(R) identically 1 on a neighborhood of [−(R + 1), R + 1]. Let E ∈ D (R) be such that S ν (E) = δ. We have
from where it follows that µ := −S ν ((1 − ϕ)E) has compact support. Moreover, 0 does not belong to the support of µ. In fact, given ψ ∈ D(R), with support contained in (−1, 1), we have,
since the support ofν * ψ is contained in [−(R + 1), R + 1] and 1 − ϕ is identically 0 on a neighborhood of this interval. Then
In order to obtain positive perturbation results we show that the analogue of [7, 3.3] holds when we work with ultradistributions.
Lemma 3.2.
Let ω be a weight function and let µ ∈ E (ω) (R N ) be given. Then the following are equivalent:
(1) µ is (ω)-slowly decreasing.
Proof. The equivalence between (1) and (2) is proved in [2, 2.6]. Clearly (2) implies (3) .
To see that (3) implies (1), we first observe that without loss of generality we may assume that K =B r for some r > 0, where B r stands for the open ball around the origin of radius r. If µ is not (ω)-slowly decreasing, we may proceed as in the proof of (2) 
, which contradicts (3) since supp ν j * φ is contained inB r . 
which proves the result by Lemma 3.2.
is not a particular case of what we present here since ω(t) = log(1 + t 2 ) does not satisfy condition (γ). However, the proof of Theorem 3.3 with Lemma 3.2 and [2, 2.9] replaced by [7, 3.2, 3 .10] also works in this case.
As a corollary, we get the same result for ultradistributions of Roumieu type. Proof. Again, it is enough to show that µ 1 + µ 2 is {ω}-slowly decreasing (see [2, 3.4] ). According to [2, 3.2] there exists a weight function σ with σ = o(ω) such that
Theorem 3.3 gives that µ 1 + µ 2 is (σ)-slowly decreasing, and therefore it is {ω}-slowly decreasing.
We investigate the surjectivity of the perturbed operator when it acts on functions. For the Roumieu case we make use of the characterization of surjective convolution operators on E {ω} (R) due to Braun, Meise and Vogt [4] . [4, 3.11] there is ν ∈ E {σ} (R) so that S ν has an elementary solution E but T ν is not surjective. Then, choosing ϕ ∈ D {ω} (R), ϕ = 1, in a neighborhood of −supp ν and putting µ = −S ν ((1 − ϕ)E) as in the proof of Theorem 3.1, we obtain T δ+µ (f ) = T ν ((ϕE) * f ). Hence T δ+µ is not surjective, while supp δ ∩ supp µ = ∅.
